The implementation of the vegter yield criterion and a physically based hardening rule in finite elements by Pijlman, Hermen H. et al.
 1
 
 
 
 
 
 
 
 
 
 
THE IMPLEMENTATION OF THE VEGTER YIELD CRITERION AND 
A PHYSICALLY BASED HARDENING RULE IN FINITE ELEMENTS 
 
Hermen H. Pijlman1, J. Huétink1, T. Meinders1,  B.D. Carleer2, H. Vegter2 
 
1 University of Twente, Faculty of Mechanical Engineering, P.O. Box 217, Enschede 
2 Hoogovens R&D, Product Application Centre, P.O. Box 10000, IJmuiden  
 
Key words: Sheet metal forming, Material modelling, Multi-axial experiments 
 
Abstract. A new material description for sheet metal forming using Finite Elements has been 
developed. The description consists of a yield criterion and a hardening rule. In contrast to 
most former criteria the new criterion is based on multi-axial stress states.  The yield 
criterion is extended with a physically based hardening rule, in which the flow stress depends 
on the strain and strain rate. A Limiting Dome Height test is used to examine the material 
description.
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1. INTRODUCTION 
 
 In simulation models for sheet metal forming the material behaviour is described by a yield 
criterion and a hardening rule. First the yield criterion is focused on. In most criteria uni-axial 
measurements are used to describe the yielding behaviour of materials. With these 
measurements only the uni axial yield stress and the uni-axial gradient of the yield surface can 
be determined. Subsequently, a yield surface is constructed on these data, see Figure 1.1. 
Because of the assumption of plane stress the yield surface can be represented in the principal 
stress space σ1-σ2. 
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Figure 1.1 A yield surface based on the uni-axial stress state 
However, the yield surface based on a uni-axial stress state can not describe the yield stress at 
multi-axial stress states sufficiently accurate. Therefore Vegter proposed a new yield 
criterion, based on data of the pure shear test, the uni-axial test, the plane strain test and the 
equi-bi-axial test, see Figure 1.2. 
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Figure 1.2 A yield surface based on multi-axial stress states
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 Second the hardening rule is focused on. The conventional hardening rules are 
phenomenological laws which do not incorporate the physical origin of work hardening. 
Therefore a description of strain hardening has been developed which is based on the 
development of the dislocation cell structure as a function of strain 8. Mechanical tests are 
used to determine the unknown parameters in this hardening rule. The influence of strain rate 
and temperature on the flow stress has been described with the theory of the thermal activated 
movement of dislocations over obstacles.  
In this paper a description will be given of both the yield criterion and the hardening rule. 
Together the topics constitute the description of the material behaviour. At the end of the 
paper the new description will be examined by a Finite Element simulation of a Limiting 
Dome Height test with the Finite Element code DIEKA. 
2. VEGTER YIELD CRITERION 
 
 The Vegter yield criterion is constructed with the help of reference points and gradients. 
The reference points are defined by the multi-axial measurements, see Figure 2.1. The 
gradients in the reference points can be obtained from the fact that the strain vector δεδε
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The gradient in the plane strain point is defined by the fact that the strain in transverse 
direction is zero. In the pure shear point and the equi-bi-axial point the gradient is determined 
by symmetry requirements 7.  
The yield surface is constructed using the reference points and gradients. This construction 
is performed using second order Bezier interpolations, see Figure 2.2. The curve between two 
reference points is given by: 
σ β β β β= − + − +( ) ( )1 2 12 1 2 2p p pr h r  ( 2.2)
In equation ( 2.2) pr1 and pr2 are reference points and ph is a hinge point. A hinge point is 
defined as the intersection point of the gradients in two reference points. The parameter β is a 
scalar increasing from 0 to 1, representing the location on the curve between two reference 
points.  
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p r2 : second ref. point 
ph  : hinge point H: hinge points
σ2
Pure
shear
Plane strain
Equi-bi-axial
Uni-axial
H
H
H
σ1
δε2δε1
 
pr1 ph
p r2
 
 
 
 
 
 
 
Figure 2.1 Reference points and hinge points in the 
principal stress space 
Figure 2.2 Second order Bezier interpolation 
A quarter of a yield surface can be described by three Bezier interpolation functions. The 
first between the pure shear point and the uni-axial point, the second between the uni-axial 
point and the plane strain point and the third between the plane strain and the equi-bi-axial 
point. The advantage of Bezier interpolations is that the normal of the yield surface remains 
continuous in the reference points.  
A complete yield surface is described by twelve Bezier interpolation functions. When σ1 
and σ2 are defined in such a way that σ1≥σ2, only the part of the surface beneath the line 
σ1=σ2 is needed. The material is assumed to behave identically under tension and 
compression because of the lack of reliable compression tests. Consequently the part at the 
surface beneath the line σ1=-σ2 can be derived from the part above this line. As a result the 
complete yielding of the material can be described, using the measurements of a quarter of the 
yield surface. 
In general the stress situation (σxx,σyy,τxy) and the yield stress determine whether yielding 
takes place: 
 σ σ σ τ σveg xx yy xy yield( , , ) − = 0  ( 2.3)
Here σveg is a kind of equivalent stress and σyield is the yield stress. Because the yield criterion 
is represented in principal stresses (σ1,σ2), equation ( 2.3) can be rewritten to 7: 
 σ σ σ θ σveg yield( , , )1 2 0− =  ( 2.4)
Here θ is the angle of the principal stresses to the rolling direction. Equation ( 2.3) shows that 
measurements of principal stresses depend on the angle θ. Therefore the measurements must 
be performed at various angles with the rolling direction. When, after measuring, it appears 
that the reference points do not vary significantly with this angle, the material behaves planar 
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isotropic. In this case a yield surface is constructed which is independent on the angle θ. 
When the reference points do vary with the angle, the material behaves anisotropic and the 
yield surface depends on the angle θ. A detailed description of the yield surface for both the 
planar isotropic case and the planar anisotropic case is given in the next subsections. 
 
2.1 Planar isotropic material behaviour 
 A yield surface is constructed for an arbitrary angle to the rolling direction. The 
construction of the first part is performed using the measured reference points, the full circles 
in Figure 2.3. For planar isotropic material behaviour the yield surface is completed using 
symmetry in the line σ1=-σ2, the open circles in Figure 2.3. 
The stress definition ( 2.2) of the yield surface is used to develop a yield function. This 
Vegter yield function is defined as: 
σ σ σveg yield( ) − = 0  ( 2.5)
To obtain an expression for σveg , the stress definition on the yield surface is normalised with 
σveg 7: 
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Here σ1 and σ2 are principal stresses and pi are components of the reference points and hinge 
points. This results in two expressions for σveg : 
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From equation ( 2.7) an equation for β is obtained: 
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( 2.8)
Equation ( 2.8) gives two solutions for the parameter β. One of these values satisfies the 
condition of lying between 0 and 1. The expression for σveg  is found by substituting this 
value in one of the equations of ( 2.7).  
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 To determine β and σveg in equations ( 2.6), ( 2.7) and ( 2.8), the reference points and the 
hinge points of the Bezier function must be known. The yield surface is described by six 
Bezier interpolation functions, see Figure 2.3. The valid Bezier function is determined by the 
ratio σ1/σ2. For instance, when the stress state lies in the shaded area of Figure 2.3, the Bezier 
curve (2) between the uni-axial point and the plane strain point is valid. 
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Figure 2.3 The six Bezier interpolation functions to describe the yield surface 
2.2 Planar anisotropic material behaviour 
 Due to anisotropic material behaviour four ears arise when deep drawing a circular cup of 
draw quality IF-steel. To describe this four earing material behaviour the experiments must be 
performed in three directions. These directions are related to the rolling direction and are 
described by the angle θ. The experiments are performed for θ = 0o, 45o and 90o. For each 
angle θ the reference points and gradients are obtained.  
A yield surface for each measured angle θ can be constructed. The first part of the yield 
surface is constructed using the measured reference points, the full circles in Figure 2.5. 
When reference points for the second part are determined, the principal stress state (σ1,σ2) of 
the first part is replaced by the stress state (-σ2,-σ1). However, the yield surface can not be 
completed by simply using symmetry in the line σ1=−σ2. This is illustrated by Figure 2.4. 
Initially a piece of sheet metal with a stress situation (σ1,σ2) is shown. In three steps the stress 
state (σ1,σ2) is transformed into stress state (-σ2,-σ1). From situation 1 to situation 2 it is 
assumed that the material yields at the same absolute stress under a compression as under a 
tension load. From situation 2 to 3 the whole specimen of sheet metal and the stresses are 
rotated over 90°. From situation 3 to 4, the rolling direction is shifted over 90°. Hence, 
comparing situation 1 with situation 4, a replacement of the stress state (σ1,σ2) by the stress 
state (-σ2,-σ1) is accompanied by a shift in rolling direction of 90°. Therefore the reference 
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points of the second part for the angle θ are obtained by mirroring reference points of the first 
part for the angle θ+90°. The construction of the plane strain point for the angle θ in the 
second part of the yield surface is illustrated in Figure 2.5. The plane strain point for  θ +90° 
is mirrored in the line σ1=−σ2. The other reference points of the second part are also shown, 
the open circles in the Figure. The construction of the gradients is performed similar to the 
reference points. 
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Figure 2.4 Shifting rolling direction over 90° when replacing the principal stresses 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.5 Construction of the reference points in case of anisotropic material behaviour 
For each measure angle a yield function is obtained in the way described. The yield function 
for an arbitrary angle α can be determined with the help of an interpolation. The reference 
points and gradients for the angles 0°, 45° and 90° are interpolated as a function of  the angle 
σ σ1 2=
( )σ θps
( )σ θps o+ 90
σ1
σ2
σ σ1 2= −
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α. With the interpolated reference points and gradients a new yield function can be 
constructed. A suitable interpolation function must be found. The value of a reference point as 
function of the angle α is denoted by p( )α , prθ  is the measured reference point for the angle 
θ. The following boundary conditions must be fulfilled: 
- the angles α=0° and α=90°  are angles of symmetry: 
          
p p
p p
( ) ( )
( ) ( )
α α
α α
= −
− = +90 90o o  
( 2.9) 
- the interpolated value must correspond with the experimental value pθr: 
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( 2.10) 
To fulfil  condition ( 2.9), the reference points can be interpolated with a Fourier series: 
( )p a n b nn n
n
( ) sin cosα α α= +∑
=
∞
0
 
( 2.11) 
In order to describe four earing material behaviour and taken condition ( 2.10) into account, 
the Fourier series can be written as 7:  
p
p p p p p p p pr r r r r r r r
( ) cos cosα α α= + + + − + − +0 45 90 0 90 0 45 902
4 2
2
2
4
4  
( 2.12) 
With equation ( 2.12) the reference points for an arbitrary angle α to the rolling direction is 
obtained. With the interpolated reference points and gradients a Vegter yield function can be 
constructed. Table 2.1 gives an example of the interpolation technique. The reference points 
are normalised to the yield stress.  
 
Experimental value 0o 45o 90o α=30° 
p pure shear  0.60 0.60 0.60 0.60 
p uni axial−  0.90 1.10 1.00 1.04 
p plane strain  
1.10 1.25 1.15 1.21 
p equi biaxial−  1.00 1.00 1.00 1.00 
R-value 0.50 2.00 1.00 1.56 
Table 2.1 The reference points and the R-values obtained from experiments (arbitrary normalised values) with 
interpolated values for α = 30o 
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3. THE HARDENING RULE 
 
The Vegter hardening rule is based on the theory of multiplication of dislocations and the 
resistance of obstacles against movement of dislocations. With the theory a relation for the 
flow stress as a function of the strain and the strain rate is derived. In this relation several 
constants can be derived from the theory. The remaining constants are obtained by fitting the 
relation on experimental results. The hardening is assumed to be isotropic (i.e. only uniform 
expansion of the yield surface and no translation).   
3.1 Strain hardening 
The origin of strain hardening is caused by multiplication of dislocations when plastic 
deformation occurs. The dislocations are not uniformly distributed. A dislocation cell 
structure develops when deformation takes place, in which the cell walls have a large 
dislocation density. Bergström 1 developed a theory to describe the interaction processes 
between the dislocations in this cell structure. Later on, van Liempt 5 added the influence of 
the change of shape of the dislocations due to the plastic strain in this description. Making use 
of these two concepts, Vegter 8 derived the following relationship: 
 
}{σ σ σ β ε ε ε εy y m ne= + ⋅ ⋅ + + − − ⋅ +0 0 1 0∆ Ω( ) ( ) '  ( 3.1)
with 
σ y  The yield stress 
σ y0  The initial yield stress, which depends on strain rate and temperature ε  The equivalent strain 
ε0  The initial strain, in practice fixed  
∆σm  Constant describing the increase of stress for strain hardening  (fitted on 
measurements) 
β '  Constant describing the change of shape of the dislocations (fitted on measurements) 
Ω  Constant describing the annihilation of dislocations (fitted on measurements) 
n'  Strain hardening exponent, fixed  
 
In this relation a modification on the original Bergström-van Liempt description is introduced 
for the flow stress at high strains 8.
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3.2 Strain rate influence 
In the strain hardening relation ( 3.1) the parameter σ y0 depends on the effect of strain rate 
and temperature: 
σ σ σy0 0= + *  ( 3.2) 
with 
σ0  static yield stress of dislocation free material 
σ *  dynamic part of the flow stress 
 
Krabiell an Dahl 4 derived a relationship of the dynamic part of the flow stress σ∗ as a 
function of strain rate and temperature, based on the thermal activated movement of 
dislocations over obstacles. In case of steels these obstacles are mainly the hills and valleys in 
the slip plane (Peierls force). This results into the following relationship: 
∆G k T eq= − ⋅ ⋅ 

ln
&
&
ε
ε0  
( 3.3) 
With relation ( 3.3) the contribution of the strain rate to the flow stress is derived 8: 
σ σ* *
'
= ⋅ −
0 01
∆
∆
G
G
m
with 0<∆G<∆G0 
σ σ* *= 0   with ∆G<0 
σ* *= 0     with ∆G> ∆G0 
and  
∆G k T eq= − ⋅ ⋅ 

ln
&
& .
ε
ε0  
 
 
( 3.4) 
with 
k  The constant of Boltzman 
T  The temperature 
&εeq  The equivalent strain rate 
&ε0  Limit strain for thermal activated movement, fixed  
σ∗0 Limit dynamic flow stress (fitted on measurements) 
m’ Exponent for the dynamic stress (in practice fixed) 
∆G Activation enthalpy 
∆G0 Maximum activation enthalpy, fixed 
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The parameterσ0* is determined experimentally. The other constants k , T , ∆G0  and m are 
known from theory and have fixed values 8.  
3.3 Resulting hardening relation  
The total relation for the flow stress as a function of the strain and strain rate is obtained, 
combining ( 3.1) and ( 3.4): 
}σ σ σ β ε ε ε ε σ εεf m e n kTG m= + ⋅ ⋅ + + − − ⋅ +  + ⋅ + ⋅   0 0 1 0 1 0 00∆ Ω ∆( ) ( ) ( ) ( ) ' * ln &&
'
 
 
( 3.5) 
4. APPLICATION 
 
A Limiting Dome Height test (LDH) is used to examine the Vegter material description. This 
test was a benchmark at the Numisheet ’96 conference 10. It is appropriate to compare 
simulations and experiments for the sensitivity of material behaviour. The dimensions of the 
tool cross section at the line of symmetry are given in Figure 4.1. 
203.3
105.7R6.35
R50.8
132.6
Die
Punch
Lockbead
 
Figure 4.1 Dimensions of the LDH tools 
Because of symmetry conditions only a quarter of the problem is analysed. The blank is 
meshed with 3000 plate elements, see Figure 4.2. Mindlin elements are used with three 
integration points in the plane of the element and 2 integration points normal to the plane. The 
mesh ranges over the middle of the total blank till the lockbead. This lockbead is modelled 
with an equivalent drawbead model 6. 
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Figure 4.2 Mesh of a quarter of the blank 
 
An elasto-plastic material model is used. Four simulations with different yield criteria and 
hardening rules are performed: 
 
1. Simulation with the planar anisotropic Hill criterion and hardening rule by Nadai-
Ludwik 
2. Simulation with the planar anisotropic Vegter criterion and hardening rule by Nadai-
Ludwik 
3. Simulation with the planar anisotropic Vegter criterion and hardening rule by Vegter 
without strain rate influence 
4. Simulation with the planar anisotropic Vegter criterion and hardening rule by Vegter 
with strain rate influence. A punch speed of 250 mm/min is assumed. 
 
The used material is draw quality mild IF-steel. The material parameters are listed in table 4.1 
and 4.2. The reference points in the table are normalised with the yield stress. The parameters 
are obtained by Hoogovens. No experimental values of the pure shear yield stress are known 
yet. Therefore the pure shear reference point is estimated. 
 
Hill: 0° 45° 90° 
uni-axial                  1.0 (mean value) 
R 2.07 1.86 2.63 
Vegter :    
pure shear 0.545 0.545 0.545 
uni-axial 0.993 1.009 0.991 
plane strain 1.233 1.228 1.262 
equi-bi-axial 1.190 1.190 1.190 
R 2.07 1.86 2.63 
Table 4.1 Parameters for the Hill and Vegter yield criterion
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Nadai-Ludwik: 
σyield 
N/mm2 
C n    
158  520 0.233    
Vegter: 
Strain hardening constants: 
σ0  
N/mm2 
∆σ 
N/mm2 
β Ω ε0 
fixed 
n’ 
fixed 
88.6 254.8 0.3925 9.675 0.005 0.75 
Strain rate constants (from literature): 
σ0* 
 
N/mm2 
∆G0 
 
eV 
m’ &ε 0  
N/mm2 
  
550 0.8 2.2 108   
Table 4.2 Parameters for the Nadai-Ludwik and Vegter hardening law 
To illustrate the difference of the Vegter and the Hill yield criterion, a quarter of a  yield 
surface for an angle of 90° to the rolling direction is plotted for both criteria, see Figure 4.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.3 The quarter of a yield surface for the Vegter and the Hill criterion 
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In Figure 4.3 the Vegter yield surface is depicted by the fat lines and the Hill yield surface by 
the thin dotted lines. To show the different Bezier curves of the Vegter surface, the curve (1) 
between the pure shear point and the uni-axial point given by a dotted line, the curve (2) 
between the uni-axial point and the plane strain point is depicted by the full line and the curve 
(3) between the plane strain point and the equi-bi-axial point is given by a dotted line again. 
 
The calculated major and minor strains along the x-axis are represented in figures 4.3 to 4.7 at 
a product height of 30 mm. Also the average experimental values of the Numisheet 
participants are given. The strains are evaluated at the side of the sheet metal closest to the 
die. 
exp
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original x-coordinate (mm) 60
0.25
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0  
Figure 4.4 Major strains for different yield criteria, Nadai-Ludwik hardening 
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Figure 4.5 Minor strains for different yield criteria, Nadai-Ludwik hardening 
From Figures 4.3 and 4.4 it can be observed that the Vegter criterion, in contrast to the Hill 
criterion, compares very well with the experimental values. The largest improvement is 
obtained for the minor strains. The major strains along the x-axis are the strains in the x-axis 
direction. Because the blank is locked by a lockbead at the edges in the x-axis direction, the 
major strains are determined kinematically within some limits. The minor strains are the 
strains in the y-axis direction. In this direction no kinematical restrictions are imposed. 
Therefore the influence of the hardening criterion will be shown on this strain distribution in 
Figures 4.6 to 4.8.  
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Figure 4.6 Minor strain, Nadai-Ludwik hardening model, Vegter yield criterion 
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Figure 4.7 Minor strain, advanced hardening model without strain rate influence, Vegter yield criterion 
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Figure 4.8 Minor strain, advanced hardening model with strain rate influence, Vegter yield criterion 
Figures 4.6 to 4.8 show that the type hardening model and the introduction of the strain rate 
influence do hardly effect the predicted minor strain distribution. Probably, at the product 
height of 30 mm, the LDH-part is not at sufficiently critical stage to show these influences.  
The forming limit diagram (FLD) is shown for the used mild steel in Figure 4.9. In an FLD 
two areas can be distinguished. The Forming Limit Curve (FLC) divides the strain space into 
a safe part and a failure part. The strain combinations below the FLC are in the safe part and 
above the FLC are in the failure part. In the Figure also the strain distribution of the LDH-
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sheet at a punch height of 40.05 mm is shown. This strain distribution is obtained by using the 
Vegter yield criterion and the Nadai-Ludwik hardening model. Most strain states are in the 
safe zone. However, a few strain states have just past the FLC curve. This means that the 
punch height of 40.05 mm is the punch height at failure. The failure zone is at the line of 
symmetry, at the x-axis. Also an FLD can be shown when using the Vegter yield criterion and 
the advanced hardening model. When no strain rate influence is taken into account, a punch 
height at failure of 36.3 mm is found. At a punch velocity of 250 mm a punch height at failure 
of 40.6 mm is obtained. Generally, when strain rate influence is incorporated, yielding of the 
material is less local and failure takes place at a later stage. The results of the LDH-simulation 
are consistent with this fact.  
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Figure 4.9 FLD for a punch height of 40.05 mm  
 
The average value of the Numisheet experimental benchmark participants was 40.1 mm. 
The spread in the experimental results was rather large. The minimum value was 30.0 mm 
whereas the maximum value was 46.0 mm. All results with the new material model are well 
within the limits of this experimental values.  
 
5. CONCLUSIONS 
A material model consisting of the Vegter yield criterion and a more advanced hardening rule 
is developed. The model gives results which agree well with experimental values: 
• The Vegter yield criterion shows large improvement in relation to the Hill criterion.  
• The advanced hardening rule shows consistent results. Other simulations in more critical    
   stages have to be performed to investigate larger effects of the advanced hardening rule.  
Consequently advanced material models are necessary when accurate results are demanded in 
simulations of deep draw processes. 
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